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Abstract

The local clustering coefficient is examined for its topabad implications and a new formula to generate the local

clustering coefficient is given. The formula is based on thblogy of the local induced subgraph.

1. Introduction

The local clustering coefficient at a vertex of a graph, finstdduced by Watts and Strogatz in [2], is defined as
the number of edges that exist between the neighbors of thexveivided by the total number of edges that could
exist. The local clustering coefficient is then used to daleuthe clustering coefficient of the graph, which is used to
determine if the graph is a small world network.

In this paper, we consider the topological implicationshaf tocal clustering coefficient at a vertex and generate
a new formula for calculating the local clustering coeffitieThe new formula is based on the induced subgraph at
a vertex and the homology of the subgraph. The local clugjerpefficient is shown to be the ratio of the rank of
the homology group of the local induced subgraph dividedheyrank of the homology group of a regular graph with
degreed.

2. Topological Discussion

Let G be a graph with vertice¥ and edgeg. Choose a vertex € V. The local clustering coefficient of a vertex
v € Vis defined as the number of edges that exist between the megybbv divided by the number of edges that

could exist. Let7, be the induced subgraph on the neighborhood afid consider the following proposition.

Proposition 1. The number of edges that exist between the neighbors ofe\sréqual to the rank of the homology
group of the subgraph generated by the closed neighborhbogdamd this subgraph is connected.

Proof. We begin by showind~, is connected. Assume it is not connected. Then there exigtstax v, in the
neighborhood of which is not connected to, contradicting the definition of the neighborhoodvof

The tree generated by the closed neighborhoad tfat is,v and its adjacent vertices, is a maximal subtree of the
subgraph generated by the closed neighborhoad Bienote this tree b¥'. We know from [1] that:

Hl(Gv) = Hl (GU\T)
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The rank ofH,(G,) is then the number of cycles generatediy(G,\T). Note that an edge is i, (G, \T) if and

only if it is an edge between two neighborswofTherefore, the number of cycles iy (G,,) is equal to the number of

edges between two neighborswoénd is equivalent to the rank éf; (G,). O
The rank of the first homology group is also called the firsttBaimber. From [1] we know that the first Betti

number, denoted, is given by:

B =] = V[ +C]
whereC is the number of components of the graph. For a connectedthg@ps 1. Thus, the following lemma is true.
Lemma 1. The local clustering coefficient at a verteis given by the Betti number &f, divided by defw)(degv) —

1)/2.

An examination of the denominator of the local clusteringftioient also yields a direct connection to the Betti
number of a regular graph. If we consider our induced graptherclosed neighborhood a regular graph with degree
k, then it hask + 1 vertices. The Betti number of that graph is thgik — 1)/2.

The local clustering coefficient is then a measure of theerless of the induced subgraph to regularity. It is a

weight associated with the vertex that measures the veréssociation with its neighbors.

3. Conclusion

The local clustering coefficient at a verteis shown to be related directly to the homology of the indusigaraph
at the vertex and is in fact a ratio of Betti numbers. Utilgie Betti number, we were then able to generate a direct
equation for the local clustering coefficient utilizing grihe edges and vertices of the induced subgraph. This also

yields a faster computation of the local clustering coedfiti
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